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Abstract.
In this contribution, we investigate hierarchical nature of large-scale structure clustering through
the oscillatory nature of the solutions of the Schrödinger-like Friedmann equation in a modified
gravitational background described by the f(R) gravity theory. We find the cosmological solutions
to the Schrödinger equation for different ranges of n of the Rn toy model for both radiation and
matter-dominated epochs of the expansion history for open, flat and closed spacetimes. Our results
show that, for certain choices of the model parameters and initial conditions, the formation and
distribution of cosmic structures might indeed be hierarchical, leading to a natural explanation
for the breakdown of the cosmological principle on small scales.
Keywords: Modified gravity; cosmic hierarchy; large-scale structures, Friedmann
equation; Schrödinger equation; wave function.























The structures of the Universe in its present state (galaxies, clusters and superclusters)
are predicted to have formed through the constant merging of smaller structures.
Observations tell us that our universe is approximately hierarchical on small scales of the
order 100h−1 Mpc and below, in which, on large scales the Universe is not homogeneous
and inconsistent with the cosmological principle. There were many attempts to find the
simplest cosmological models for a hierarchy and to explain the idea of a hierarchical
cosmology (in which the matter is indefinitely clumped) as presented in (see [1–5],
for examples). The overall tendency of the Universe to cluster with a decrease in
redshift and the clustering properties of objects suggest that there could be some sort
of hierarchical method in which the Universe periodically evolves over time. Within the
framework of relativistic cosmology, the oscillating universe theory was introduced by
Friedmann. Friedmann described the oscillation of the Universe as a single cycle from
big bang to crunch, when he analyzed different solutions to Einstein’s field equations
for an isotropic and homogeneous universe for a particular case, where the cosmological
constant, Λ ≤ 0. He showed that the radius of curvature became a periodic function
of the time [6]. The idea of a cyclic universe was rejected by Einstein, until, Edwin
Hubble and Melvin Slipher made their analysis of the measurements of redshift and the
idea of the expanding universe. Cosmology with an oscillating Hubble parameter was
proposed by Morikawa [7,8], showing that, the Hubble parameter might be responsible
for the periodic distribution of galaxies and the motivation for this stem is in part, by
observations from the deep narrow-cone pencil beam surveys of [9] which found an excess
of correlation in the galaxy distribution and suggested that the Universe may have an
oscillatory nature. Cosmological models with an oscillatory behaviour have been studied
by many groups, in [10]; it has been shown that the oscillating universe can provide some
solutions to the flatness, horizon and the entropy problems of the standard cosmology.
Extending the work done in [11, 12] and following Capozziello [13] and Rosen [14],
this particular piece of literature is aimed at confirming the oscillatory clustering of a
universe that is described from the radiation era to today’s present epoch in terms of
one of the modified theories of gravity, f(R) gravity. This inclusive periodic structure
of the variational recapitulation of the cosmos is representative of the wave-like nature
of the Universe that is ideally mimicked by the Schrödinger equation on non-relativistic
scales. An investigation of the power model is made against a quantum approximation
that is evaluated alongside different equation of state parameters (radiation and matter).
Oscillations in redshift can be considered as some sort of quantization [13, 15] and all
quantities containing H or z have to oscillate, given the cosmological scale factor a(t)






≡ H = − ż
1 + z
. (1)
This paper is organised as follows: in Sections 2, we review the field equations in
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f(R) theory of gravity and we get the Friedmann equation that describes a modified
gravitational background in terms of f(R) gravity. In Sections 3 and 4, respectively, we
construct the cosmological Schrödinger equation and we get a solutions for such equation
by considering Rn models. Section 5 is devoted for discussions and conclusions.
2. Field equations




gµνR = κTµν , (2)
where Rµν is the Ricci tensor, R is the Ricci scalar, gµν is the metric tensor, κ =
8πG
c4
is a constant known as the Einstein gravitational constant, G is Newton’s gravitational
constant, c is the speed of light in vacuum and Tµν is the stress energy tensor. Such







R + 2Lm(gµν , ψ)
)
d4x . (3)
Here Lm is the Lagrangian density relative to the matter fields. In the case of f(R)







f(R) + 2Lm(gµν , ψ)
)
d4x . (4)








f ′(R) = κTρν , (5)
where f ′(R) =
df
dR
and ∇ρ is the standard covariant derivative which is formed via the







From the last two terms of Eqs. (5), we notice that the field equations obtained in
f(R) are of fourth-order partial differential equations in the metric gρν . However, the
fourth-order terms vanish when f ′ is a constant, i.e. for an action which is linear in R.
Thus, it is straightforward for these equations to reduce to the Einstein equations once
f(R) = R (reduces to GR) [19]. The trace of Eq. (5) is given by [18]
f ′(R)R− 2f(R) + 3∇ρ∇ρf ′(R) = κT . (7)
As a result of the extra degrees of freedom provided by the curvature fluid induced by
the modified Ricci scalar, the total effective energy density and an isotropic pressure of
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+ µR , p =
pm
f ′




























The fluid conservation equations are given by
µ̇m + 3H(µm + pm) = 0 , (11)
µ̇R + 3H(µR + pR)− µm
f ′′Ṙ
f ′2
= 0 , (12)








































































































The probability of attaining the actual dynamics of an idealistic universe that mimics
particles governed by quantum fields is subject to the collapse of the wave-function that
describes it. Given this fact, it is imperative for one to first determine the potential that
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is responsible for such evolutionary manifestation. The potential and kinetic energy are
thus attained in the following way by the introduction of a mass term which is said to
describe a Universe [14] or the particle-like dynamics of galaxies [13] within the context
of the conservation of mechanical energy.
3. The cosmological Schrödinger equation
From Eq. (20), it can be deduced that the kinematics of the system can be quantified
upon the inference of the existence of a mass that propels its dynamical evolution. As














Here, the cosmological constant that is present in the general theory of relativity in order
to give an account for the existence of dark energy is replaced by an expression that is
in terms of the geometry of the modified gravitational manifold. In [13], the potential
acquired was that of a point-like galaxy found within the Universe. As a result, the
same approximation is made here so as to have a similar account of the subsequent
potential that drives the resulting wave-function. Motivation for this stems from the
perceived periodic nature of all physically observed occurrences that seem to rely on





According to work done in [23], projected distances that are observed in the Universe
may be modelled through the use of this power law. The subscript j is representative
of the different cosmological objects that are as a result of clustering while Cj and ρj
articulate the correlation amplitudes and indexes of the slope respectively.
Let us now identify the potential energy and total mechanical energy terms as












whereas the first term in Eq. (21) is taken as the kinetic energy term. Thus, the
Schrödinger equation is a suitable relation that is adequate enough for the purpose of
determining evolutionary states of the wave-function and the inherent eigensolutions
that are duly presented. However, constructing a dynamical system whose spatial
dependence lies in the progression of the scale factor necessitates that the Schrödinger









+ V (a)Ψ , (25)
where Ψ = Ψ(a, t). By following ordinary quantum mechanics, a stationary state of
energy E is
Ψ(a, t) = ψ(a)e−iEt/~ , (26)
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and the Schrödinger stationary equation is[
E − V (a)
]






The second-order differential equation that presents itself is a step closer towards getting
a relation for the wave-function that describes the point-like mass that oscillates against




E − V (a)
]
ψ . (28)















If we let A = m2, 4πG =
1
2





′ − f)− 2θf ′′Ṙ
)
a2 ,





ψ = 0 , (30)
where U(a) is the potential energy, ET is the total energy, m is the mass of a galaxy
and |ψ|2 is the probability to find such a galaxy at a given a(t).
1. If we are in some regime where ET >> U(a), with ET being positively defined
(k = −1), Eq. (30) has a solution of the form
ψ(a) = C1 sin(
√
AETa) + C2 cos(
√
AETa) . (31)




AET a + C2e
√
AET a . (32)
From these solutions it is easy to see that oscillatory behaviours are recovered. We also































































− c2k + 4πGa
4
3f ′(1 + z)2
(
2ρm + (Rf















ψ = 0 , (37)
where U(z) = − 4πG
3f ′(1 + z)2
(
2ρm + (Rf
′ − f)− 2θf ′′Ṙ
)
.
In the following section, we will find the solutions of this wave equation in both matter-
and radiation-dominated eras.
4. Solutions
In order to study the oscillatory natures of the Schrödinger equation (37), we consider
here the Rn model, one of the f(R) toy models considered to be the simplest and widely
studied form of f(R) gravitational theories. The Lagrangian density of such models is
given as
f(R) = βRn , (38)
where β represents the coupling parameter and the exponent n 6= 1 for non-GR





3(1 + w) , (39)
and one can obtain the following expressions for the expansion, the Ricci scalar and the












)(1−n)(n(4n− 3(1 + w))
(1 + w)2t2
)






































4.1. Solutions for the radiation-dominated era
In this subsection, we get the solution for the the Schrödinger equation Eq. (37) in the
radiation-dominated era. By using the expressions for the expansion, the Ricci scalar
















3H2(−5n2 + 8n− 2)
n2
, (49)
where H2 = 4n
2
9
(1 + z)3/n . Therefore, we have Eq. (37) with
U(z) = − −n
2
4(1 + z)2−4/n










For the case when k = 0






U(z)ψ = 0 , (50)




























































Here C1 and C2 can be found by setting initial conditions, ψ(zin) = 10
−3 and ψ′(zin) = 0,
where ψ(zin) is the initial value of ψ(z) at zin, where the subscript in refers to the initial
scale factor zin = 2000. We present the results for different values of n in Figs. 1 - 4
for a specific choice of the (normalized) mass parameter A = 105. In Fig. 1, the GR
result is recovered. An oscillatory behaviour is observed and the probability of finding a
galaxy of mass A = 105 increases with decreasing the redshift z for values of 1 ≤ n ≤ 2
as in Fig. 2. While In Fig. 3, the probabilities increase with increasing the redshift for
values of n ≥ 3. For a fixed value of n and different values of the mass A, see Fig. 4,
the rate of oscillations and the probabilities of finding the galaxies of different masses
are increasing with the mass A.
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Figure 1: ψ(z) versus z in the radiation-
dominated epoch for A = 105, k = 0 and
n= 1.
Figure 2: ψ(z) versus z in the radiation-
dominated epoch for A = 105, k = 0 and
1.1 ≤ n ≤ 2.
Figure 3: ψ(z) versus z in the radiation-
dominated epoch for A = 105, k = 0 and
n ≥ 3.
Figure 4: ψ(z) versus z in the radiation-
dominated epoch for n = 1.3, k = 0.
For the case when k = 1







(−1− U(z))ψ = 0 , (53)


























We present the numerical solutions for different values of n in the following Figs. 5 - 8.
We noticed the oscillatory behaviour for n = 1 only when the range of redshift begins
at z ≥ 0.69 as shown in Fig. 5. While for values of 1 < n ≤ 2, oscillations observed
only when the range of redshift begins at z ≥ 1 as shown in Figs. 6 and 8. From Fig. 6,
the rate of the oscillations and the amplitudes or the probabilities of finding a galaxy of
mass A = 105, are all decreasing with increasing the values of n. For n ≥ 3, oscillatory
behaviour is observed only for small range of the redshift as presented in Fig. 7. We
also presented the numerical results for different masses A in Fig. 8.
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Figure 5: ψ(z) versus z in the radiation-
dominated epoch for A = 105, k = 1
and n = 1.
Figure 6: ψ(z) versus z in the radiation-
dominated epoch for A = 105, k = 1
and 1 < n ≤ 2.
Figure 7: ψ(z) versus z in the radiation-
dominated epoch for A = 105, k = 1
and n ≥ 3.
Figure 8: ψ(z) versus z in the radiation-
dominated epoch for k = 1 and n = 1.3.
For the case when k = −1







(1− U(z))ψ = 0 , (55)


























We present the numerical solutions for k = −1 and different values of n in the following
Figs. 9 - 10.
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Figure 9: ψ(z) versus z in the radiation-
dominated epoch for A = 105, k = −1 and
n = 1.
Figure 10: ψ(z) versus z in the
radiation-dominated epoch for A = 105,
k = −1 and 1.1 ≤ n ≤ 2.
4.2. Solutions for the matter-dominated era
In this subsection, we get the solution for the the Schrödinger equation Eq. (37) in the
matter-dominated era. From the expressions for the expansion, the Ricci scalar and the
















3H2(−16n2 + 26n− 6)
4n2
. (59)














For the case when k = 0






U(z)ψ = 0 , (60)































































This solution corresponds to the solution found in [13], for the dust case where the
cosmological constant was considered to be Λ = 0. We set the initial conditions,
ψ(zin) = 10
−3 and ψ′(zin) = 10
−3, where zin = 1100. The results are presented in Figs.
11 - 13 for a specific choice of the mass A = 105 and for different values of n. Fig. 11,
presents the GR results for n = 1. The probabilities of finding a galaxy of mass A = 105
are slightly increasing with decreasing the redshift (the amplitudes or the probabilities
are approximately constant for most of the cycles) for values of 1 ≤ n ≤ 1.5 see Fig. 12,
while the probabilities are decreasing with decreasing the redshift for n ≥ 1.6 as shown
in Fig. 13.
Figure 11: ψ(z) versus z in the matter-
dominated era for A = 105 and k = 0.
Figure 12: ψ(z) versus z in the matter-
dominated era for A = 105 n > 1 and k = 0.
Figure 13: ψ(z) versus z in the matter-
dominated era for A = 105 n > 1.5 and k = 0.
Figure 14: ψ(z) versus z in the matter-
dominated era for n = 1.3 and k = 0.
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For the case when k = 1







(−1− U(z))ψ = 0 , (63)


























We present the numerical solutions in the following Figs. 15 - 18. We noticed the
oscillatory behaviour for n = 1 and 1 < n < 2 only when the range of redshift begins at
z ≥ 2 as shown in Figs. 15 - 16. While for values of n ≥ 1.4, oscillations observed only
when the range of redshift begins at 0 < z ≥ 2 as shown in Fig. 17. We also presented
the numerical results for different masses A in Fig. 18
Figure 15: ψ(z) versus z in the matter-
dominated epoch for A = 105, k = 1
and n = 1.
Figure 16: ψ(z) versus z in the matter-
dominated epoch for A = 105, k = 1
and 1 ≤ n < 2.
Figure 17: ψ(z) versus z in the matter-
dominated epoch for A = 105, k = 1
and n ≥ 2.
Figure 18: ψ(z) versus z in the matter-
dominated epoch for k = 1 and n = 1.3.
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For the case when k = −1







(1− U(z))ψ = 0 , (65)






























We present the numerical solutions in the following Figs. 19 - 20.
Figure 19: ψ(z) versus z in the matter-
dominated epoch for A = 105, k = −1 and
n = 1.
Figure 20: ψ(z) versus z in the matter-
dominated epoch for A = 105, k = −1 and
1 ≤ n ≤ 2.
5. Conclusions
In this paper, we studied the nature of periodic clustering of large-scale cosmic structures
in the context of the f(R) gravity theory. Using the f(R)-modified Friedmann equations,
we were able to construct the cosmological Schrödinger-like equation. Following similar
works in [13] (and references therein), we considered the particle dynamics of galaxies
and calculated the probability of finding them at a certain redshift as eigensolutions
of Schrödinger equation. We solved the Schrödinger equation for different ranges of n
in the Rn model for different equation of state parameters (radiation and pure dust).
For the radiation- and dust-dominated epochs in the flat universe (k = 0) case, we
got a combination of hypergeometric functions as a general solution of the Schrödinger
equation. Some of the specific highlights of this work are as follows: For the radiation-
and dust-dominated epochs in the flat universe (k = 0) and n = 1, we got a combination
of Bessel functions as a general solution (which matches the one for the GR results found
in [13] for ψ(a)) and as we have shown in Figs. 2, 3, 12 and 13, oscillatory behaviour
observed for all values of n. However, in the radiation-dominated era, the amplitudes
of such oscillations decrease with increasing the values of n as in Figs. 2, 3. For the
matter-dominated era, the amplitudes of such oscillations are almost constant for most
15
of the cycles as in Fig. 12. Numerical solutions have been obtained for k = ±1 cases
for both the radiation- and dust-dominated epochs. For instance, for k = −1, the
cosmological solutions are oscillating functions but they are not periodic oscillations
(only for a particular range of the redshift z) as in Figs. 5 - 7 and Figs. 15 - 17.
In conclusion, as we have shown in Figs. 1 to 20, for appropriate choices of the initial
conditions (and for normalized parameters of the model), a breaking of homogeneity
and isotropy indeed occurs on small scales as depicted by the oscillating correlations
between galaxies.
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